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What is a vector?

v

Numerical features:

» continuous vs. discrete values
Categorical features:

» finite set of non-numerical values (e.g. colours, POS)

> binary features (yes/no = 1/0)

» multiple categories can be coded as set of

binary indicator features (e.g. blue?, red?)

Focus on real-valued vector spaces (implicit
assumption: continuous data), but we will also
encode discrete and categorical data

The set of all possible vectors of length n is the
n-dimensional Euclidean vector space R"
(or a subspace if there are constraints on the values)

vt \What is a vector?

Linear Algebra
in a Nutshell:
Vector Spaces

» A (finite) list of real values is called a vector:

S. Evert .
X = (X1,X2,...,Xn)

What is a vector?
> X1,...,Xp are the components of X
» length n is also referred to as dimensionality of X

» Vectors are used as a mathematical representation of
the features of an object (or the state of a system)
» specimen of a plant (size, weight, colour, ...)
> car model (weight, horsepower, miles per gallon, ...)
» word (formal and distributional features)
» sentence (synactic structure coded as features)
> text (categorisation based on features)

i Flower-spotting: The Iris data set
OSNABRUCK * Examples of vector representations

Linear Algebra
in a Nutshell:
Vector Spaces

» Recognise flowers by shape of
their petals and sepals

» quantified by width & length

S. Evert

Examples X = (lp,wpa Is,wg)
l, ... length of petal
wWp ... width of petal
Is ... length of sepal
Ws ... width of sepal

» One can distinguish between different species of iris
flowers based on the shape of their petals and sepals

» X describes the shape of a particular specimen

» Anderson, E. (1935). The irises of the Gaspe Peninsula.
Bulletin of the American Iris Society, 59, 2-5.
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Examples of vector representations

» Recognize handwritten digits (e.g. ZIP codes)

» machine learning: classifier for handwritten numbers
» digits may be shifted, rotated, blurred, cropped
> input data: 16 X 16 grayscale image

» Vector representation of square image

X = (p1,p2,-.-,P256)

pi € [0,1] ... grey level of i-th pixel

T 19 |7 |4

Text categorisation & register variation
Examples of vector representations

» Speakers use different registers of language
depending on the communicative situation (genre)
> written: term paper / formal letter / letter to a friend
» spoken: conference talk / party conversation

» Vector representation of texts for studies of register
variation uses features such as:
» frequency of passive verbs, nouns, etc. (= formal)
» frequency of active verbs, 1st person, etc. (= informal)
» frequency of different semantic classes of verbs &
adjectives (evaluative, experiential, etc.)
» use of native vs. Latinate roots (= learned)

» Goal is not classification but identifying the major
dimensions of register variation
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Text categorisation & register variation

Examples of vector representations

» Texts can be represented by content-oriented (lexical)
or form-oriented (morpho-syntactical) features

» Text categorisation e.g. for filtering e-Mail spam
» mostly content-oriented features: presence of
keywords (Viagra, lose weight, Russian girls)
» also relative frequencies of part-of-speech (POS)
n-grams, HTML tags, special characters (Vi@gr@), etc.
» Goal: accurate classification of incoming e-mails
as spam vs. ham (legitimate e-mails)

Word space & distributional similarity
Examples of vector representations

» Vector representation of contexts in which a certain
word or phrase occurs, e.g. bucket (n.)

» Vector X = cooccurrence frequencies of typical
collocates of the keyword

» Alternative representation: occurrence frequencies of
word in different documents (e.g. Wikipedia articles)

noun 7 local MI verb 7 local MI adjective Flocal MI

water 183 1023.77 throw 36 168.87 large 37 11479
spade 31 28811 fill 30 139.45 singlerecord 5 6453
plastic 36 22583 empty 14 9673 full 21 6323
size 41 195.89 randomize 9 96.11 cold 13 5552
record 38 163.95 hold 31 7893 small 21 4561
slop 14 162,62 put 37 779 galvanized 4 4347
mop 16 155.47 carry 26 7195 ten-record 3 4017
ice 22 12576 tip 10 5930 empty 9 3841
bucket 18 12549 kick 12 59.28 old 20 3567
seat 21 89.21 chuck 7 4485 steaming 4 3189
coal 16 7725 use 31 4231 clean 7 2747
density 11 63.64 weep. 7 473 leaky 3 2591
brigade 10 6231 pour 9 4073 wooden 6 2550
sand 12 6132 take 42 3757 bottomless 3 2517
algorithm 9 6077 fetch 7 3513 galvanised 3 2470
shop 17 59.49 get 46 3473 big 12 2386
container 10 59.10 douse 4 3303 iced 3 2262
champagne 10 56.79 store 7 3182 warm 6 1955
shovel 7 5650 drop 10 3149 hot 6 1705
oats 7 5493 pick 1 2889 pink 3 11

collocational “profile” of bucket (n.)
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Why vector spaces?

» Vector spaces encode basic geometric intuitions

1 geometric interpretation of numerical feature lists
= one reason why linear algebra is so useful

> Interpretation of vectors X, y,... € R™ as points in
n-dimensional Euclidean (= intuitive) space
» n =2 = Euclidean plane
» n =3 = three-dimensional Euclidean space

» Exploit geometric intuition for analysis of data set as
group of points or arrows in Euclidean space

» distance, length, direction, angle, dimension, ...

> intuitive in R? and R3

> can be generalised to higher dimensions
== may refer to objects in a data set as “data points”

vectors can also be
interpreted as
“displacement arrows”
between points

the arrow from i to U
is described by the
vector (-1, 3)

calculated as
pointwise difference
between components
of vandi: v —1u =
(v1 —u1,v2 —uz)
general operation:
vector addition

The geometric interpretation of vectors

Vectors as arrows & vector addition

v=_(35)

v-u = (-1, 3)

u=(4,2)
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The geometric interpretation of vectors
Vectors as points

» vectors like i = (4,2)
and U = (3,5) can be
understood as the
coordinates of points SH-------- O
in the Euclidean plane 4

X
ZA

|

!

. . I

» alternative notation: !
|

|

|

u instead of u u=@2
24—--------- --
> in this interpretation, ! Q
vectors refer to 1T 1 l
specific locations —_—
1 2 3 4 5 6 xl
The geometric interpretation of vectors
Vectors as arrows
> vectors as arrows are X,
ition-i A
position-independent A /Q yox = vou
» y—X =71 —1uif the y=(4,6.5) =(-1,3)
relative positions of X ST OL
and y are the sameas  , ] "
those of i and U ;

» regardless of location
in plane
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Formal definition

Direction & scalar multiplication

» intuitively, arrows

X
2
have a length and A
. . 6 —
direction °
» two arrows pointin T
the same direction iff 44
they are multiples of 2u

each other: scalar
multiplication

Al = (Au, Auz) with 11
constant factor A € R L

» for A < 0, arrows have 1 2 3 4
opposite directions

» —1i =(=1) -1 is the
inverse arrow of i

The n-dimensional Euclidean space

» The n-dimensional real Euclidean vector space R" is

the set of all real-valued vectors X = (xy,...
length n, allowing the following operations:
» vector addition: 1 + U = (u; +vy,..
» scalar multiplication: A = (Auq,..

» Important properties of the addition and
s-multiplication operations in R™
1. (U+v)+w=u+ (U +w)
U+0=0+i=1
Vil 3(—id): i+ (—i) = (—i) +ii =0
U+Vv=7+1U
(A4 U = A + pii
(Ap)ii = A(pid)
l1-i=1u
8. AU+ V) =AU+ AU
forany i,v,w € R"and A,y € R

NO VD WN

v
{).l
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The geometric interpretation of vectors
Linking points and arrows

» points in the plane

X
2
can be represented by A

1 (3,5)
displacement arrows 6 Y
from a fixed reference 54 @)
point

» natural reference
point is the origin
0=(0,0)

> these arrows are
given by the same

vectors as the point
coordinates

origin
0,0)

The axioms of a general vector space

» General vector space over the real numbers R
= set V of vectors 1i € V with operations
> 1 + vV for i, v € V (addition)
» At for A € R, 1 € V (scalar multiplication)

» Addition and s-multiplication must satisfy the axioms

1. (U+V)+w=u+ UV +w)

S+

g7
=+
=
N1
Il
>
N
+
=
N

No s wN
> oS
Il NI
Il
e
=
S

é\l .

8.

+ V) =AU+ AU
forany i,v,w € Vand A,u € R

» 0 is the unique neutral element of V,

and the unique inverse i’ of i is often written as —1i
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» Further properties of vector spaces:
0

> U
0=
»Ai=0=2A=0vii=0
> (=A)i = A1) = —(Ad) = —Aud
> It is easy to show these properties for R™, but they also
follow directly from the general axioms = must hold

for all vector spaces

S. Evert

> O

>

el

Formal definition

» A non-trivial example: vector space Cla, b] of
continuous real functions over the interval [a, b]
» vector addition: V f,g € Cla,b],
we define f + g by (f + g)(x) = f(x) + g(x)
» s-multiplication: VA € R and Vf € Cla, b],
we define Af by (Af)(x) =A- f(x)

1 show that C[a, b] satisfies vector space axioms

IR Vector space techniques & applications

Linear Algebra
in a Nutshell:

Vector Spaces . .
» clustering The Iris data set

S. Evert .
ver based on distances = = -
. . . * |. setosa
similarity of features o | |1 yersicolor
[2 major clusters] h
o ]
» classification g ©
supervised learning ; © -
Techniques distinctive features g o
[linear classifiers] -
v 4 “
» main dimensions °© e
transform to axes of 2 "

largest variation

[size vs. shape]
petal length
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» clustering

based on distances =
similarity of features

[2 major clusters]
classification

supervised learning
distinctive features

[linear classifiers]
main dimensions
transform to axes of
largest variation
[size vs. shape]

» clustering

based on distances =
similarity of features
[2 major clusters]
classification
supervised learning
distinctive features
[linear classifiers]
main dimensions
transform to axes of
largest variation

[size vs. shape]

petal width

petal width

05 10 15 20 25 3.0

0.0

05 10 15 20 25 30

0.0

Vector space techniques & applications

The Iris data set

petal length

Vector space techniques & applications

The Iris data set

petal length




UNIVERSITAT
OSNABRUCK

Linear Algebra
in a Nutshell:
Vector Spaces

S. Evert

What is a vector?

Examples

Geometric
interpretation

Formal definition

Techniques

Linear combination
Basis & coordinates
Linear subspaces
Matrix algebra
Practice with R
Volume & determinant
Linear maps

Equation systems

Coordinate
transformations

Hyperplanes

UNIVERSITAT
OSNABRUCK

Linear Algebra
in a Nutshell:
Vector Spaces

S. Evert

What is a vector?

Examples

Geometric
interpretation

Formal definition
Techniques

Linear combination
Basis & coordinates
Linear subspaces
Matrix algebra
Practice with R
Volume & determinant
Linear maps

Equation systems

Coordinate
transformations

Hyperplanes

Clustering vs. classification

Clustering
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What is a vector?
Examples

Formal definition

Techniques

Linear algebra
Linear combination
Basis & coordinates
Linear subspaces
Matrix algebra
Practice with R
Volume & determinant
Linear maps

Equation systems

Coordinate
transformations

Hyperplanes

Clustering vs. classification

Clustering

Linear algebra

Overview of basic topics in linear algebra

>

>

linear combinations & independence
basis & coordinates

linear subspaces

matrix algebra

linear algebra on the computer
volume & determinant

linear maps

linear equation systems

coordinate transformations
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Linear combinations & dimensionality

» linear combination of vectors @1, ..., ™

DR ARV TACU IS W AL

for any coefficients Aq,..., Ay, €R

> intuition: all vectors that can be constructed from
1. .., 1™ using the basic vector operations

i, ..., 1™ are linearly independent iff
A+ 206 + -+ 21 ™ =0

impliesA1 =Ay=---=4,=0

» otherwise, they are linearly dependent

» intuition: if vectors are linearly dependent, the neutral
element O can be constructed in different ways

Basis & coordinates

» A set of vectors bV, ..., b™ € V is called a basis of V

iff every 1i € V can be written as a linear combination
i = x1bV + x2b® + - - -+ x,b™

with unique coefficients x1,...,Xxn

» Number of vectors in a basis = dimV

» For every n-dimensional vector space V,

a set of n vectors bV, ... b €V is a basis of V
iff the vectors are linearly independent

= Can you prove this?

IR ] jnear combinations & dimensionality

Linear Algebra

Ina Nutshell » The largest number n € N for which there exists a set
ector Spaces o (a .
of n linearly independent vectors (! € V is called the
dimension dimV of V

S. Evert
» |t can be shown that dimR" =n

> If there is no maximal number of linearly independent
vectors, the vector space is infinite-dimensional
(dimV = o)

» An example is dim C[a, b] = o (easy to show)

Linear combination

» Every finite-dimensional vector space V is isomorphic
to the Euclidean space R" (with n = dimV)

= We will focus on R™ from now on

UNVERSTAT - Basis & coordinates

Linear Algebra

\i/natNuStsheH: » The unique coefficients x1,...,xy, are called the
ector Spaces . - . — —
< fven coordinates of ii wrt. the basis B = (b1 ... b™):
X1
X2
U=p| . | =X
Xn

Basis & coordinates

» X € R™ is the coordinate vector of i € V wrt. B
= V is isomorphic to R™ by virtue of this correspondence
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Linear subspaces

Basis & coordinates

» The components (u1,u>,...,Uy,) of a number vector

U € R™ correspond to its natural coordinates

ux
U= (U1, Uuz,...,Un) =g
Un
according to the standard basis &1, ..., &™) of R™:

¢V =(@1,0,...,0)
¢? =(0,1,...,0)

g™ =(0,0,...,1)

Linear subspaces

The set of all linear combinations of vectors
bW ... b® eV is called the span

sp(bY,...,b®) =MbY + -+ 0% A e R}

sp (E”), . E(k)) is a linear subspace of V

» alinear subspace is a subset of V that is closed under

vector addition and scalar multiplication
b, ..., b® form a basis of sp (13(1), ...,E(k)>
iff they are linearly independent

Can you prove that every linear subspace of R™ has a basis?

The rank of vectors bV, ..., b® is the dimension of
their span, corresponding to the largest number of
linearly independent vectors among them
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Linear subspaces

Basis & coordinates

v

v

v

v

U= (4,5 € R?
basis B of R?: «
2

bV =(2,1) 6
p@ =(-1,1)

<

i = 3
=B |5

standard basis:

c
o
>
]

el = (1,0
¢? =(0,1)

Il
2]
Ul
[

Linear combinations & linear subspace

» Example: linear subspace U < R3 spanned by vectors

bV =(6,0,2), b =(0,3,3) and b3 = (3,1,2)

» dimU = 2 (why?)
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Matrices = arrays of numbers

» vector Ui € R™ = list of real numbers (coordinates)

» list of k vectors = rectangular array of real numbers,
called a k x n (or n x k) matrix

» e.g. vectors i,V € R3

<y
1l
— NN

3
u=1\0],
2

form the columns of a matrix A:

oo 3 2 apl; ap
A=|u v|=[0 2|=lay ax
: 2 1 asy asz

Matrices = arrays of numbers

» Matrices are a versatile instrument and a convenient
way to express linear operations on sets of numbers

» Such rectangular arrays of numbers come up in many
other situations, e.g. the coefficients of a linear
system of equations:

ailx; +apx2 + - - -

a»1X1 + azeXxo + -+ - + aspXn = bo

Matrix algebra

ak1X1 + ag2Xx2 + - - -

ail

293

+ AgnXn = bk

Alin

Akn

IR Matrices = arrays of numbers

Linear Algebra .
in a Nutshell: » rank (A) = rank of the list of column vectors

Vector Spaces

S. Evert » Column matrices are a convention in linear algebra

» Some applications build matrices from row vectors, or
interpret rows and columns as vectors (e.g. word space)

» Row rank and column rank of a matrix A are always the
same (this is not trivial!)

Matrix algebra

iR Matrix algebra

Linear Algebra

in a Nutshell » Concise notation of linear equation system by defining
ector Spaces . . .
product of matrix and vector in a suitable way

S. Evert
ailxXy +aipx + - +adinXn = by
ar1xX1 + azeXxo + - - - + axpXxn = b2

ag1X1 + agpX2 + - - - + dgpnXn = by
ap -+ an X1 by
Matrix algebra
- =
akr -+ Qkn Xn by
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Matrix algebra

» The set of all real-valued k X n matrices is a
(k - n)-dimensional vector space over R:
» A+ B is defined by element-wise addition
» AA is defined by element-wise s-multiplication
» these operations satisfy all vector space axioms

» Additional operation: matrix multiplication
> two equation systems: Z=B-yand y =C - X
> by inserting the expressions for ¥ into the first
system, we can express Z directly in terms of X
(and use this e.g. to solve the equations for X)
> the result is a linear equation system Z = A - X
= define matrix multiplication so that A=B - C

Matrix multiplication

» Properties of matrix multiplication (= algebra):
» A(BC) = (AB)C = ABC
» A(B+B') = AB + AB’
» (A+ A")B=AB+ A'B
(AA)B = A(AB) = A(AB) == AAB
»A-0=0, 0-B=0
» A-I=A, I-B=B8B
where A, B and C are compatible matrices

v

» 0 is a zero matrix of arbitrary dimensions

» [ is a square identity matrix of arbitrary dimensions:

iR Matrix multiplication

Linear Algebra
in a Nutshell:
Vector Spaces

5 e €11
aij = |ba bin
Cnj
A = B . C
(k x m) (k x n) (nxm)

Matrix algebra

» B and C must be compatible

1 A - X corresponds to matrix multiplication of A with a
single-column matrix (containing the vector X)

> convention: vector = column matrix

UNVIRIAT - Transposition

Linear Algebra

In a Nutshell » The transpose AT of a matrix A swaps the rows and
ector Spaces
columns:
S. Evert T
a1 b1
ay apy as
az bz = [b by b }
as bs 1 V2 b3
» properties of the transpose:
» (A+B)T = AT + BT
» (AA)T = A(AT) = AAT
» (A-B)T =BT . AT
Matrix lgebra (note that A and B are swapped!)
» rank (AT) = rank (A)
» 1T =1

» Ais called symmetric iff AT = A
» symmetric matrices have many special properties that
will become important later (e.g. eigenvalues)



INMRSIT - Vectors and matrices RS Matrix algebra playground

Linear Algebra Linear Algebra

in a Nutshell: » A coordinate vector X € R™ can be identified with a in a Nutshell: » Matrix algebra is a powerful and convenient tool in

Vector Spaces . ) . ) Vector Spaces ) . . ]
n X 1 matrix (i.e. a single-column matrix): numerical mathematics and computational science

S. Evert S. Evert
X » Specialised (and highly optimised) libraries are
! T available for various programming languages

Xl PR Xn

XU
Il
Il

—_
v

Some numerical programming environments are even
Xn based entirely on matrix algebra (Matlab)

» Most statistical software packages support matrices
» Multiplication of a matrix A containing the vectors

al, ..., da% with a vector of coefficients Ay, ..., Ax _
Matrix algebra y|e|d5 a linear combination of d’(l)’ ey d(k): » Look at some eXampIES using the
ractice it & open-source statistical environment R
A (http://www.r-project.org/)
A =2a@W oo A @® » An excellent playground (and research
Ak tool) for computational linguists,
cognitive scientists, ...
IR Matrix algebra in R iR Matrix algebra in R
Linear Algebra Linear Algebra
in a Nutshell: Vectors in R: in a Nutshell: Matrix of column vectors:
Vector Spaces Vector Spaces
S. Evert > Ul <- C(31 O, 2) S. Evert > B <- Cb'ind(ul, UZ)
» u2 <- c(o, 2, 2 » print(B)
. ul u2
> v f— 1:6 (1] 3 o0
» print(v) [2,] 0 2
[11 123456 [3,1 2 2
Defining matrices: Matrix of row vectors:
» A <- matrix(v, nrow=3) » C <- rbind(ul, u2)
Practice with R » print(A) Practice with R » print(C)
[,11 [,2] [,11 [,2] [,3]
[1,] 1 4 ul 3 0 2
[2,1] 2 5 u2 0 2 2



IR Matrix algebra in R

Linear Algebra ) . .
in a Nutshell: Matrix multiplication:

Vector Spaces » A %x% C
[,1] [,21 [,3]
(1] 3 8 10
[2.] 6 10 14
1 9 12 18

» NB: * does not perform matrix multiplication

S. Evert

Also for multiplication of matrix with vector:
» C %% c(1,1,0)

Practice with R [ bl 1]
ul 3
u2 2

1 result of multiplication is a column vector

» plain vectors understood as columns in matrix op’s

IR Matrix algebra in R

Linear Algebra

in a Nutshell: Rank of a matrix:
Vector Spaces
S. Evert > qr‘(A)$r‘ank
2

» Ta.rank <- function (A) gr(A)$rank
» Tla.rank(A)

Column rank = row rank:
» Tla.rank(A) == la.rank(t(A))
[1] TRUE

Practice with R

AT . A is symmetric (can you prove this?):
> t(A) %% A

iR Matrix algebra in R

Linear Algebra i
in a Nutshell: Transpose of matrix:

Vector Spaces
» t(A)

S. Evert

[,11 [,21 [,3]
[1,] 12 3
[2,1] 4 5 6

Transposition of vectors:
» t(ul) (row vector)

[,11 [,21 [,3]
[1,] 3 0 2

Practice with R

» t(t(ul)) (explicit column vector)

[,1]
[1,] 3
[2,] 0
[3,] 2

IR Measuring area & volume

Linear Algebra . .
in a Nutshell: » A set of n linearly independent vectors

Vector Spaces (1) (1)
s Bvert v, v e R spans a parallelotope

parallelogram parallelepiped

» Measure volume of such a parallelotope by the

determinant Det (17(”, .. .,17‘”)) with properties:

Volume & determinant

Det(...,Afi(k),...) =A-Det(...,17(k),...>

Det (..., vV,..., 5% +m7<f>,...)

=Det(...,ﬁ<i>,...,ﬁ<’<>



I The determinant function

Linear Algebra ; B . .
in a Nutshell: » The function Det (-) is uniquely determined by these

Vector Spaces . .
two requirements (for a given vector space R"), up to a

S. Evert
constant (which determines the unit of measurement)

» This constant is usually chosen in such a way that
Det <é(1), ...,é(”)) =1 for the standard basis of R"
(this is the volume of an n-dimensional unit cube)

» When oD, ... 7™ are linearly dependent, the volume
of the parallelotope is zero, i.e. Det (17(”,...,17(")) =0

» oW 7™M s a basis of R™ iff Det (17(”,...,17(")) +0

Volume & determinant

UNVIRSIT | inear maps

Linear Algebra . . .
in a Nutshell: > A linear map is a homomorphism between two vector
Vector Spaces spaces V and W, i.e. a function f: V — W that is

5. Bvert compatible with addition and s-multiplication:

1. fli+7v) = fu)+ f(V)
2. fAu) =A- f(u)
» Obviously, f is uniquely determined by the images
F(pW), ..., f(b™) of any basis bV, ..., b™ of V
» Using natural coordinates, a linear map f : R" — R
can therefore be described by the vectors

ai ain
Inear maps . a1 . azn
o f(e(l))EE N R ,f(e(n))EE .

akl Akn

iR The determinant of a matrix

Linear Algebra . . . .
in a Nutshell: » The determinant of a n X n matrix A is defined as the

Vector Spaces . . =(1) 7(n)
< fven determinant of its column vectors a‘*/,...,a'"

detA = Det (@), ...,a™)

» rank (A) =n < detA=+0
» further property: det AT = det A

» Calculating determinants in R:
» D <- A %*% C(D is a square matrix)
» det(D) — almost zero!

Volume & determinant

IR Matrix representation of a linear map

Linear Algebra . . .
in a Nutshell: » For avector ii = x18) + - - - + x,6™ e R", we have
Vector Spaces

S. Evert U= f(ﬁ) :f(xlé'(l) b +Xné’(n))

1 —
=x1- f(@V) + -+ xn - f£(E™)
and hence the coordinate vector y of ¥ is given by
Yi=X1-aj1t+X2-ajp+ -+ Xn-ajn
» This corresponds to matrix multiplication

Linear maps yl all LR ain Xl
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Image & kernel

» The image of a linear map f : R™ — R¥ is the subspace
of all values ¥ € RX that f can assume:

Im (f) = sp (F(@),..., f(&™))

v

The rank of f is defined by rank (f) = dim(Im (f))
rank (f) = rank (A) for the matrix representation A
» f is surjective (onto) iff Im (f) = Rk, i.e. rank (f) = k

v

The kernel of f is the subspace of all ¥ € R" that are
mapped to 0 € Rk:

v

Ker (f) = % € [Rz"\f(;z) =0}

The inverse matrix

» Alinear map f: R™ — R" is called an endomorphism
» can be represented as a square matrix A

» f surjective < rank(f) =n < f injective
» rank (f) = rank<f(é(1)),...,f(é(">)) =n
< rank(A) =n < detA=+0

= { bijective (one-to-one) < detA + 0

» If f is bijective, there exists an inverse function
f~1:R™ — R™, which is also a linear map and satisfies
fUfG) =i and f(f1(V) =V

» f~lis given by the inverse matrix A~! of A,
which satisfies A7l - A=A-A"l =T

IR Rank & composition

Linear Algebra

na Nutshell: » We have dim(Im (f)) + dim(Ker (f)) =n
S. Evert » fis injective iff every U € Im (f) has a unique
preimage U = f(ii), i.e. iff Ker (f) = {0} or
rank (f) =n

» The composition of linear maps corresponds
to matrix multiplication:
» f:R"™ — RX given by a k x n matrix A
» g:RK -~ R™ given by a m x k matrix B
= the composition g o f: R™ — R™ is given
by the matrix product B - A
» recall that (g o f) (i) = g(f (ii))

IR Linear equation systems

Linear Algebra

in a Nutshell: » Recall that a linear system of equations can be written

Vector Spaces i . .
S, Bvert in compact matrix notation:

A-X=b

» Obviously, A describes a linear map f : R" — Rk, and
the linear system of equations can be written f(X) = b

» This linear system can be solved iff b elm (f), i.e.iff b
is a linear combination of the column vectors of A

» The solution is given by the coefficients x1,..., x5
of this linear combination
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Coordinate
transformations

Linear equation systems

» The linear system has a solution for arbitrary b € Rk
iff f is surjective, i.e. iff rank (A) = k

» Solutions of the linear system are unique iff f is
injective, i.e. iff rank (A) = n (in this case,
the column vectors are linearly independent)

» If k =n (i.e. Ais a square matrix), the linear map f is

an endomorphism. Consequently, the linear system
has a unique solution for arbitrary b iff det A = 0

> In this case, the solution can be computed with the
inverse function f~! or the inverse matrix A~!:

X=f1b)=Aa"1p

1= practically, A~! is often determined by solving the
corresponding linear system of equations

Coordinate transformations

» We want to transform between coordinates wrt.

a basis bV, ..., b™ and standard coordinates in R"
X2
A
6 -4 u=i4,5)
s+t Q
e [N
a4 A - Y
7 | AN -
. s S R
\\ //// | ///
\~|i/ >4 /%{x
e o
L4 - T
I
|
-ttt >
b® e(1>1\ 2 3 4 5 6 1
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Coordinate
transformations

Linear equation systems

Solving equation systems in R:

»

v

A <- rbind(c(1,3), c(2,-1))
b <- c(5,3)
Ta.rank(A) (test that A is invertible)

A.inv <- solve(A) (inverse matrix A=1)
print(round(A.inv, digits=3))

(.11 [,2]
[1,] 0.143 0.429
[2,] 0.286 -0.143

A.inv %*% b

[,1]
(1,] 2
[2,] 1

solve(A, b) (calculates A1 - b directly)

Coordinate transformations

The basis can be represented by a matrix B whose
columns are the standard coordinates of b1),..., b™

Given a vector 1 € R™ with standard coordinates
U =g X and B-coordinates i =g ¥y, we have

ii = y1bV + -+ ™

In standard coordinates, this equation corresponds to
matrix multiplication:

% =By

The matrix B transforms from B-coordinates into
standard coordinates
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v

v

Coordinate transformations

In order to transform from standard coordinates into
B-coordinates, i.e. from X to ¥y, we have to solve the

linear system X = By

Since the b are linearly independent, B is regular and

the inverse B~! exists, so that

— 1=

y=B""X

The inverse matrix B~! transforms from standard

coordinates into B-coordinates
Recall that BB-1 =B 1B =1

Transformation from B-coordinates (ii =p ) to

C-coordinates (i =¢ 2):

Z=C'By

Coordinate transformations: an example
basis bV = (2,1), b® = (—1,1) with matrix
2 -1 ,1

B - [1 1 } Bl -

vector 1 = (4,5) with standard and B-coordinates

ﬁzg[ﬂ, ﬁzc[

Check that these equalities hold:
41 |12 -1]]3 3
50 (1 1 2’ 2

Now repeat the calculations in R!

WIN W~

|
1

WIN W
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Coordinate
transformations

Coordinate transformations: an example

v

v

v

v

A
64 u=i4,5)
s+----+---+-Q
e [N
4 A7 - 1
g I N
P I A -7
34" + i
b
21+ o+
e Il
11§ - -
|
|
A————+—+>
e(1)1\2 3 4 5 6 1

Transforming linear maps

Endomorphism f: R™ — R™ is given by matrix A
with respect to the standard basis E
U = f(u) foru € R"

Standard coordinates 1 =g X and U =g )
Coordinates wrt. some basis B: 1 =g X', U =g '

We have ¥ = AX, as well as X = BX' and ' =B~ 1y

<>  § =B l'ABX' = A'X'

= |n B-coordinates, f is given by the matrix

A =B71AB
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» A two-dimensional linear subspace U of R"
is a plane through the origin

» A (n — 1)-dimensional linear subspace U of R"

is called a hyperplane through the origin Congratulations!

Geometric
nterpretation

» To represent arbitrary lines, planes, ...
one can add a support vector v to U

Now you know the basic

concepts and methods

» I'=v7 + U is a line, plane, ... through the point v of linear algebra.

» A hyperplane T is of particular importance because it
divides R" into two separate components

= hyperplanes are used to implement linear classifiers You did it!



